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SOLUTIONS FOR A NONLOCAL ELLIPTIC EQUATION INVOLVING 
CRITICAL GROWTH AND HARDY POTENTIAL 


CHUNHUA WANG, JING YANG, JING ZHOU 

Abstract. In this paper, by an approximating argument, we obtain infinitely many 
solutions for the following Hardy-Sobolev fractional equation with critical growth 

I + in H, 

u = 0, on dfl, 

provided N > 6s, p > 0, 0 < s < 1, 2^ = a > 0 is a constant and Q is an open 

bounded domain in which contains the origin. 


Keywords: Hardy-Sobolev fractional equation; Infinitely many solutions; Variational methods. 

1. Introduction 

Let 0 < s < 1, A > 6s, 2* = jl be defined later, and O be an open bounded domain in 

which contains the origin. We study the following nonlinear fractional problem 


( 1 . 1 ) 


{—Ayu — -\- au, in H, 


u = 0, 

KVP ^ 2N 


on dH, 


where p > 0 satisfies a > 0 is a constant, and (—A)® stands for the fractional 

Laplacian operator in fl with zero Dirichlet boundary values on dQ. 

To define the fractional Laplacian operator (—A)® in fl, let {Xk,<Pk} be the eigenvalues and 
corresponding eigenfunctions of the Laplacian operator —A in H with zero Dirichlet boundary 
values on dfl, 

j -Aipk=Xkipk, in D, 

I ipk =0, on dD, 

normalized by ||(/?fc||L2(n) = 1- Then one can define (—A)® for s G (0,1) by 


{-AYu = ^Xlck(fk, 




which clearly maps 


oo oo 

H^(sy := < ooj 


k^l 




into Moreover, is a Hilbert space equipped with an inner product 

oo oo oo oo oo 

'^Ck(pk,'^dk(pk) ^ ^'^Xlckdk, if y^^Ck(pk,y^^dk(pk € 

k=i k=i 

Now we can write the functional corresponding to (HID as 


( 1 . 2 ) 


I{u) = 


1 


« |2 


(-A)2u 




\u\'^‘dx, u G Rq)!!). 
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A great deal of work has currently been devoted to the study of the fractional Laplacian 
operator as it appears in several applications to some models related to anomalous diffusions in 
plasmas, flames propagation and chemical reactions in liquids, population dynamics, geophysical 
fluid dynamics, and American options in finance, see, e.g., [Tl|4l[^[28l[23[3T] and the references 
therein. We refer the reader to [8l[TTl[T8l[2lll36] for a nice expository and [5l[9l|T2l|4D] for the 
operator defined by the classical spectral theory and [T3l[T9l[38] for the operator defined via the 
Riesz potential. 

In this paper, our interest in problem (11.11) is related to the following Hardy inequality which 
was proved by Herbst in [30] (see also mmy- 

(1.3) fl [ ^dx< [ 

J-g^N |a;p® JgN 


where u is the Fourier transform of u and 


fi = 2 


2s 




Here F is the usual gamma function, the constant fj, is optimal and converges to the classical Hardy 

1. Indeed, for a € [0, if we denote 


constant when s 


T„ =2 


2s 


r( 


Af+2s+2Q: 


)r( 


N-\-2s — 2a 


r( 


N-2s-2a 


)r( 


iV —2s+2a \ ’ 


then /i = To,To,—>0 when a —> and the mapping a i —> Tq, is monotone decreasing 

(see [23] )• 

Taking into account the behavior of the Fourier transform with respect to the homogeneity, 
one has (see |ini[2il31l3S]) 


||(-A)i«||^ Wu G C'o°°(K^), 

and then the Hardy inequality (11.31) can be rewritten as 

(1.4) ||(-A)t«||^^ >fl [ Vu G Co°°(K^). 

In a more general setting, beyond of the Hilbertian framework, we can refer the reader to |251I27| 
where an improved inequality is proved. 

Recently, the semilinear fractional elliptic equations involving Hardy potential 

(1.5) {-AYu- -^ = f{u), inH, 


have been widely studied since the operator (—A)® — appears in the problem of stability 

of relativistic matter in magnetic fields. In |23|, Fall studied (11.51) with /(it) = and H = H, 
and showed that (|1.5I) possesses a nonnegative distributional solution if ^ > 0 and p > 1 satisfying 
some suitable conditions. Replacing /(it) = + Xu'^, Barrios, Medina and Feral |S| considered 

(O and discussed the existence and multiplicity of solutions depending on the value p to (11.51) . 
Particularly, they verified the existence of (11.51) if p = p(/i, s) = j^j^ 2 s- 2 a° threshold for 

as G (0, ^~^® ). Choi and Seok [15] considered problem (11.11) with /i = 0. They obtained the 
existence of infinity many solutions of (ED for any a > 0. 

In [T5], Cao and Yan also considered problem (11.11) with s = 1. It was proved that (11.11) 

has inhnitely many solutions if A > 7 and 0 < p < -4 with a > 0 and s = 1. So 

motivated by |161I18| , the aim of this paper is to study the existence of infinity many solutions of 
the Hardy-Sobolev fractional equation (EID. Now we state our main result as follows. 
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Theorem 1.1. Suppose that a > 0, N > Qs and 0 < /x < Tg satisfying Then 

(HH) has infinitely many solutions. 


Remark 1.1. Our result extends the results in [T51H^ for the particular case of /x = 0. Since there 
is no Hardy term in |18| . they only required that N > 6s. 

Remark 1.2. When s —>■ 1, the assumptions that 0 < H < Ts and in Theorem 

11.11 are eqnivalent to 0 < /x < and /x < -4 respectively, that is just 0 < /x < 

-4. So our result is uniform with the result in m when s —> 1 . 


As in nMiH], one of the main difficulties to prove Theorem ll.ll bv using variational methods is 
that I{u) does not satisfy the Palais-Smale condition for large energy level, since 2* is the critical 
exponent for the Sobolev embedding from to Another difficulty is that, unlike |18| . 

every nontrivial solution of HU is singular at {a; = 0} if /x 7 ^ 0 (see [HI). So different techniques 
are needed to deal with the case p 7 ^ 0 . In order to overcome the first difficulty, we first look at 
the following perturbed problem: 


( 1 . 6 ) 


(-A)'* XX 

XX = 0, 


/XXX 


|2s 


|xx|^“ ^ '^xx + axx, in H, 
on dfl, 


where e > 0 is small. 

The functional corresponding to (HU) becomes 

(1.7) /e(xx) = (|(-A)ixx|^-/X|^-oxx^^dx-Ixxp^-'^da;, xx € i7J(H). 

Now /e(xx) is an even functional and satisfies the Palais-Smale condition in all energy levels, ft 
follows from the symmetric mountain-pass lemma [51B5] . (fra has infinitely many solutions. More 
precisely, there are positive numbers c^^i, I = 1,2,- ■ with —>■ 00 as 1 —>■ -Poo, and a solution 

Ue,i for m satisfying 

7e(xXg^/) — 

Moreover, Cej ci < -Poo as e —?► 0. Now we want to study the behavior of as e —>■ 0 for 
each fixed 1. If we can prove that converges strongly in Hq{Q) to xx/ as e —> 0 , then xx/ is a 
solntion of (jl.l|) with I{ui) = ci. This will imply that (jl.ip has infinitely many solutions. Thus 
Theorem o is a direct consequence of the following result. 


Theorem 1.2. Suppose that a > 0, N > 6s and 0 < /x < Tg satisfying Then 

for any sequence xx„, which is a solution of HU) with e = e„ —> 0, satisfying ||u„|| < C for some 
constant independent of n, Un has a subsequence, which converges strongly in Hq{TI) as n ^ 00 . 


Following the ideas in |15II16II18| . to prove Theorem 1 1.2 1 we shall prove the strong convergence 
of Uey by using a local Pohozaev identity to exclude the possibility of concentration. We would like 
to point ont that since an important feature of the fractional Laplacian is its nonlocal property, it 
turns out from several technical reasons that studying our nonlocal equation (11.61) directly is not 
suitable for establishing Theorem 11.21 So different from |151I16| , like [T51H2] , we need to realize the 
nonlocal operator (—A)® in H through a local problem in H x (0, 00 ). 

To explain this, we have to introduce some more function spaces on 2? = 12 x (0,oo), where 
12 is either a smooth bounded domain or M.^. If 12 is bounded, then we define the function space 
idp 22 ) as the completion of 

C“^( 22 ) := {xx e C°°{'D) : xx = OondL^ = 912 x [0,oo)} 
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with respect to the norm 

( 1 . 8 ) 

Then it is a Hilbert space endowed with the inner product 

(m, i;)//ipi-2s .p) = / t^~'^^yuS/vdxdt. 

“ ’ Jv 

In the same manner, we define the space as the completion of with 

respect to the norm 

Recall that if H is a smooth bounded domain, then it is verified that (see Proposition 2.1; HZ], 
Proposition 2.1; HU, Section 2) 

iJo(H) = {u = trloxto}^ : u G i?oT>)}, 


and 

(1-9) l|u(-, 0)||jY«(o) < C'||?2||^ipi-2« .p) 

for some C > 0 independent of u G i/g 2?). Similarly, it holds by taking trace that 

D^(R^) = {u = tr|R^x{ 0 }« : u G 

and 

(1.10) I1m(-,0)||p.(rn) < C'llullpi^p.s.^RN+i) 

for some C > 0 independent of u G 

Now we are ready to consider the fractional harmonic extension of a function u defined in H, 
where H is either a smooth bounded domain or R^. By the celebrated results of Caffarelli and 
Silvestre [13] (for R^) and Cabre and Tan [12] (for bounded domains, see also |^ IMll41| l. if we set 
u G iJg 2?) (or as the unique solution of the equation 

{ div{t^~^^\7u) = 0, in V, 
u = 0, on 9 l2?, 

u(x, 0) = u{x) for a: G H 

for some fixed function u G 22g(H) (or 22®(R^)), then 

du 

AsU := —ds lim — (x,t) fora; G H 
®t^o+ dt^ ^ 

is well defined and one must have 

(—A)®u = AgU, 

with 

2 i- 2 ®r(l - s) 
dg := --. 

r(s) 

Without loss of generality, we may assume throughout this paper that dg = 1, that is, 

f)Ti 

( 1 . 12 ) {—/S.yu = AgU = — lim —(x,t). 
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We call this u the s-harmonic extension of u and we point out that by a density argument, (11.1211 
is satisfied in weak sense for u G i^o(^) In other words, for any u,(j) G ffo(fl) (or 

there holds 

Thus the trace inequality (11.91) is improved as 


(1-13) ll'w(L0)||ff«(n) = 

Therefore from the above analysis, we can deduce that if a function u is a weak solution to 
the nonlocal problem 

f {-Ayu = g, in n, 

u = 0, on dfl, 

if and only if its s-harmonic extension m is a weak solution to the local problem 

div{y~‘^^\7u) = 0, in V, 
u = 0, on 

AsU = g(x), on n X {0}, 


(1.14) 


(1.15) 


where g G L«+ 2 «(Q). Moreover, we say that a function u G i?o(^) ^ weak solution of (11.141) 

provided 


(1.16) 


f [—A) ^ u{—A) ^ (jjdx = ( 

Jn JQ 


g4>dx 


for all (j) G Hoi^) and a function u is a weak solution of (11.151) if 


(1.17) 




uV (j)dxdt = 


/ g4'{x,0)dz 
Jn 


for all ^ G H^iA-^yV). 

Hence, as mentioned before, rather than studying the nonlocal problem dm directly, it is 
better to consider the so-called s-harmonic extension problem 


(1.18) 


div{A ^'*Vu) = 0, 

in T), 

h = 0, 

on OlV, 

AsU = + au, 

on H X {0} 


By virtue of considering (11.181) , one can easily obtain the decomposition of approximating solutions 
and establish a local Pohozaev identity in small balls which may contain the origin. Then applying 
this identity, we can exclude the possibility of concentration and prove the strong convergence of 
approximating solutions. 

Theorems o and 11.21 extend the results in |181l^ to the fractional Laplacian problem with 
Hardy term. We want to stress that it is more difficult to obtain the estimates in order to prove 
these results for (HI]). Like HHHH], the main difficulty in the study of (11.181) is that we need to 
carry out the boundary estimates. This is greatly different from the usual Laplacian equations 
studied in |151I161[TB] which mainly involving the interior estimates. 

' ^ \ s 12 \ ^ 

(—A) 2 u dx\ ; the 


Throughout this paper, we denote the norm of H^{^) by ||m|| = 


norm of L’^{VL){1 < q < oo) by ||it||g = 


^In 


the norm of ^®,H)(1 < q < oo) by 


ll'«llL«(ti- 2 '>,a) ~ (yj ^‘‘\u\‘^dxdt^ moreover, we denote (x) := {y G : \y — x\ < r}, 
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:= {z = {y,t) £ : \z — (a;, 0)| < r}, and positive constants (possibly different) by 

C. For simplicity, sometimes we also write B^{x) as Br{x). 

The organization of our paper is as follows. In Section 2, we will give some integral estimates. 
In Section 3, we obtain some estimates on safe regions. We will prove our main result in Section 
4. In order that we can give a clear line of our framework, we will list some estimates for linear 
problems with Hardy potential, an iteration result, a decay estimate, a local pohozaev identity and 
the decomposition of approximating solutions in Appendices A, B, C and D. 


2. Some Integral estimates 
For any A > 0 and x £ we define 

/Ox,a(m) = A^u(A(-- a;)), u£iJo(f^)- 

Let Un be a solution of (HU with e = e„ —?► 0, satisfying Hunll < C for some constant C 
independent of n, by Proposition 1C. l( Un can be decomposed as 

m h 

Un = Uq +''^^ P0,AnjiUj) + Pxnj,Ar^j{Uj) + UJn- 

j=l j=m+l 

In this section, we will prove a Brezis-Kato type estimate (see |10|1. 

In order to prove the strong convergence of Un in 7 Lq(H), we only need to show that the 
bubbles px„ j,a„ j (Uj) will not appear in the decomposition of Un- 

Among all the bubbles px„ 3 ,a„ we can choose a bubble, such that this bubble has the 

slowest concentration rate. That is, there is jo such that the corresponding Anjg is the lowest 
order infinity among all the A„ j appearing in the bubbles. For simplicity, we denote A„ the 
slowest concentration rate and Xn the corresponding concentration point. 

Remark 2.1. Since ■;—r^- £ C'^®(H \ ^^(O)) for any d > 0 small, we know that G 

C^®(H \ Bs{0)). As a result, a;„ £ \ Bs{0)) for any d > 0 small. 


For any p2 < 2* < pi, a > 0 and A > 0, we consider the following relation: 


( 2 . 1 ) 

Define 


llwillpi < 

N N 

||m 2 |Ip 2 < ra . 


ll'ullpi^pa.A = inf {a > 0 : there are ui and U 2 , such that (12.11) holds and |m| < ui + M2}- 
To deal with the Hardy potential, we need another norm. Consider the following relation: 


( 2 . 2 ) 

where 


Define 


11*,Pi — 

N 

I'ti2||=k,p2 ^ 


N 

P2 


|*,p 


= \\u\ 



2p 



2 * 


II'*^II*,pi,P 2 ,a = infja > 0 : there are ui and U 2 , such that (12.21) holds and |u| < ui + U2}. 
From the definitions, it is easy to see that ||m||pi,p 2 .a < I|w||*,pi,p 2 ,a- 
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Let Wn{x) = |u„(a;)| in f2; Wn{x) = 0 in 
following inequality 
(2.3) 


. Then it is easy to check that Wn satisfies the 


/ 


’^S/Wn^ i’dxdt — 


/ 

JK. 


Wn4> 


RN \X 


2s 


dx< {2wn + A)4)dx,'i(j) & H^{t 


1/,1-28 tbN+I 


/R" 




),0 > 0 , 


where A > 0 is a large constant. 

The main result of this section is the following proposition. 

Proposition 2.2. Let Wn be a solution of (12.311 . For any pi,p 2 € (%; satisfying 

P 2 < 2* < pi, there is a constant C, depending on pi and P 2 ) such that 

II 11=)= ,pi ,P2 An — 

To prove Proposition 12.21 we should show the following three lemmas. 

Lemma 2.3. Let w be the solution of 

{—Ayw — = a{x)v, in fl, 


w = 0, 


an. 


where a(x) > 0 and u > 0 are functions satisfying a, u € (0)) for any S > 0. Then for any 

]v 32 s < P 2 < 2* < Pi and 0 < p < p satisfying pi < there is a constant C = C'(pi,p2) 

such that for any A > 1, 

ll'*^ll*.Pl.P2 A — ^1 l®l I H I I'^^l lpi.P2 A- 

Proof. For any small 0 > 0, let ui,?;2 € \ Bs{0)) and i;i,U2 > 0 be the functions such that 

V < Vi + V2 and (12.11) holds with a = ||'c||pi,p 2 A + d. Consider 

{-Aywi - = a{x)vi, in fl, 


Wi = 0 , 

It follows from Lemma FA.21 that 


(2.4) 


|i«i||*.Pi < C'llalliv lluil 


on dfl. 


f = 1,2. 


On the other hand, by the maximum principle, we deduce w < wi + W 2 - So the result 
follows. □ 

Remark 2.4. We will let a{x) = or a(x) = |poAn,j I= 1;2,--- ,m, in Lemma 1^31 

to obtain some desired estimates for Wn- Here a(x) may have singularity at {a; = 0}. So, in Lemma 
12.31 we only assume that a(x) and v(x) belong to \ Bs{0)). 

Lemma 2.5. Let w > 0 be a weak solution of 

{-Ayw -=2v'^‘~^ + A, inVt, 

?/; = 0, on d^. 

For any pi,P2 € with p2 < 2* < pi, let qi be given by 


1 


N + 2s 


Qi {N - 2s)p^ N 


2s 

- —,i = 1,2. 


Ifqi,q 2 < then there is a constant C = C(pi,p2) such that for any A > 1, 


|ii;|U,,„,2a<c'IH|^: ',A + c. 
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Proof. For any small 0 > 0, let > 0 and ^2 > 0 be the functions such that v < vi + V 2 , and m 
holds with a = ||i'||pi,p2,A + &■ 

Consider 

= Cvl‘~^ + A, in O, 


wi = 0, 


on 


and 


{-AYw2 - = CV2‘ , m n, 


W 2 = 0, on 

where C > 0 is a large constant. Then by the maximum principle, w < wi + ^2. 

. N-2s ^ /I jV'i iU _ Npi 

'■N+2s ^ 2s b N-2sp. 


Let Pi = PijriM S (1,1^), then qi = = 1, 2. By LemmaE31 we have 


<C(|h||^; 1 + 1) <c[(|HU,p,,a + 0)2»-i + 1], 


and 


|w2||*,g2 < C'lk2||p2 ^<C 


^^ + 0)A^ r2 =Ci\\v\\p,,p,,A + ef‘-^A^ 


Since 


'N N\N + 2s N N 




P 2 J N -2s 2J 92' 


As a consequence, the result follows. 


□ 


Lemma 2.6. Let Wn{x) = \un{x)\ in LI; Wn{x) = 0 in \ fl. Then there are constants C > 0 
and pi,p 2 G (%, +00) with p 2 <2* < pi such that 

||'lCn||*,pi,p2,A„ ^ C. 

Proof. From Proposition 1C.ll we have = itg + 1 + Un. 2 ^ where 

m h 

Un,l=J2P°An.A^j)+ P^r^jAn.jiUj), 

1=1 j=m+l 

and Un ,2 = txin- 

Let Oi = C\un,i\ , i = 0,1,2, where C > 0 is a large constant. Then, we have 

{-AYwn - < (flo + ai + a 2 )Wn + A. 

\x\ 

Let w = G{v) be the solution of 

I w = 0, on dLl. 

Then, we have 


Wn < G{aoWn + A) + G(aiui„) + G(a 2 W„). 

We first deal with the term G{aoWn + A). Let q > 7^^ such that q — is so small that 
Pi := jJ^ 2 sq ^ follows from Lemma [A.31 that 

(2.5) ||G(aoWra + A)||^ < G\\aoWn + A\\q<G + G||ao||_2jq_||iCn||2j < G + G||ao|| . 
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By Proposition IB. 3[ |Mo(a;)| < C\x\ ^ 2 Vx € f2. So we see that ii q — > 0 is small 

enough,then 

'N-2s „\ 4s 2*9 


As a result, 


< N. 

N-2s2*-q 

„ r _ ( N — 2s 45 ^5 9 

|ao| dx < C \x\ ^ ^ dx < C. 

in 

Hence, we have proved that there is a pi > 2* such that 

(2.6) ||G(aoWn + < C. 


/ 

in 


Next we treat the term G{aiWn)- Let p 2 € ( jv-2 s ’^s) ^ constant. By Lemma [A.41 we get 

||G(aiw„)||^^^^ < G||ai||r||w„||2j < G||ai||,., 


where r is determined by — = -1 + t 4 — 4f. 

•’ P2 '>' 2* N 

But 


f \P^.,2A.Am^dx = Aly^ f 

Jo, J 0,3 


\Uj\T^dx, 


where fix ,a = {x : Xn,j + A ^x € H}. 

For j = m + 1, • • •, h, there is a G > 0 such that (see |18| 1 

G 


- l+|xr- 2 «- 

Therefore, for any S (|j, |^), we have 

dx < C, j = m + 1, • • •, h. 
For j = 1, 2, • • • , m, by Lemma lA.il we have 


/ 

in. 


and by Lemma lB.il 


Uj e lL(m^),Vp < 


G 




Ap-Ap-A 


\U]{x)\ < V|x| > 1. 


X 2 


Note that r —?► ^ as p2 —t 2*. Now we choose p 2 close to 2* so that 

4sr /TV — 2s 


/ TV - 2s \ 


and 


As a result, 


N-2s\ 2 


4sr ^ 2 *Vm 


TV - 2s M 


I «-2« dx < G, j = l,2,---,m. 




Thus we have proved that there is a p2 < 2* close to 2* such that 

(2.7) ||G(aiu;„)|l < GA"*”^ = GA#. 

M 11,p2 

Finally, we treat the term G{a 2 Wn)- It follows from Lemma [231 that 

(2.8) II G"(( 22 '^n) II ,p 2 ,An — ^11 ^2 11 ^ II llpi ,p 2 ,An — 2 ll^"^ II^^Pi 5 P 2 ,An ; 

45 

since ||a2l| w = —>■ 0 as n —>• oo. 
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From (12.61) . (j2.7l) and (j2.8l) . we obtain 

< \\G{aoWn + ^)|| »,Pi,P 2,A„ + |lG(aiu;„)|| 

=i=,pl,P2,An + \\G{a 2 Wn)\\ 

*,Pl,p2An 

N N 

< ||G(aow„ + ^ + ||G(a2Wri)||*.pi,p2,A„ 

— C" + — II Wn||*,pi,p2,A„ ■ 

Hence the result follows. □ 


Proof of Provosition \2.B . Since Wn satisfies (12.3|) . we can use Lemmas 12.5l and [2.6l to prove that 

||ll^n ||*,pi,P2,A„ ^ G 

holds for any pi,p 2 with pi,P 2 G (^, satisfying p 2 < 2 * < pi. □ 

3. Estimates on safe regions 


Since the number of the bubbles of Un is finite, by Proposition 1C.II we can always find a 
constant G > 0 , independent of n, such that the region 

(b^ Axn)\B^ Axn))r^^, 

^ (C+5)A„ ^ CA„ ^ / 

does not contain any concentration point of Un for any n. We call this region a safe region for 
For d = TV, TV + 1, let 

.{xn)\B‘^ ^,(Xn))n^}(orV), 

’ V (C+5)A„ 2 (C+1)A„ 2 T 

and 

^n2-=(B'' i(Xn)\B‘^ l(Xn))n^2(orV). 

V (C+4)A„^ (C+1)A„^ / 

For a measurable set B C we define a weighted measure 


and 


ms(-E) := f A '^^dxdt, 

J E 

[ f{x,t)dxdt 
J E 


-/ A f{x,t)dxdt : 

J E 


ms{E) 


Firstly, we introduce the following two known results given in and [TS] respectively. 


Lemma 3.1. (Theorem 1.3, ^2^) Let T be an open bounded set in Then there exists a 

constant G{N, s,J-) > 0 such that 

(3.1) j A~'^’^\u{x,t)\ A ^ dxd^^''^^^^ <g(^J A~^^\'\/u{x,t)\^dxdt^^. 

Lemma 3.2. (Lemma 5.2, ^18^) For f >0, assume that u G TLg satisfies 

{ div{A~^^'S/u) = 0 , inV, 

As{u) = /, onLlx { 0 }, 

it = 0 , on BlV. 


Then, for 7 € (1, 2 jv+i )> T/iere exists a constant G > 0 such that 


dp 

P 
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holds for any x G fl and r G ( 0 ,ro), where tq = dist{x,d^l). 

Now we come to our main result in this section. 

Proposition 3.3. Let Wn be a weak solution of (12.31) . Then there is a constant C > 0 independent 
of n, such that 


f \Wn\^dx 


Np N 


and 


[ '^^Iwnl^dxdt < CA 


Np N + 2~2s 

2pi 2 


where pi > 2 * and p >2 are any constants, satisfying 


P,Pi < 


M ’ 

In order to prove Proposition 13.31 we need the following lemma. 

Lemma 3.4. Suppose that Wn satisfies (lOl) with e = e„ —> 0. Then there is a constant C > 0 
independent of n, such that 


sup 


/ N’y 

t^~‘^‘^\wn\'^dxdt < CAn'^, Vy G 


" Jb^+\v) 

for all r G \CAn fy (C + 5)A„ , where 7 G (1, and pi > 2* is any constant satisfying 

2*771 

Pi < . ‘'^7 

^ vu-Vr--u 

Proof. Firstly, using Holder inequality and (|3.1D . we find 


f t^ '^^\wn\'^dxdt 

Jb^Av) 


< 


< 


t^ ^ dxdt 


2(W + 1) 


JV ■7 p 

N 2(V + 1) / / 

' Wsf+ife) 

c( [ t^~^^\Vwn{x,t)\^dxdt)^ < C. 


t^ ‘^’^dxdt 


Bf^Av) 


1 - 


N-t 

2(V + 1) 


lBf + \y) 

So it follows from (12.31) and Lemmathat 


t^ 


B^+\y) 


(3.2) 


< 


[^dxdt^ ^ 

i : p^l 


T 


<C + C 


B^iv) 


PWn 

|2s 


Wn + 2Wn’‘ ^ dx — 
> P 


dxdp + C 




Wn” ^dxdp. 


Bfiy) 


By Proposition 12.21 we know that |fyn||*,pi,p 2 .A„ < C for any pi,p 2 G (%•; satisfying 

P2<2l<pi. 

Let Pi be a constant satisfying 2* < pi < and p 2 = \ + d, where 0 > 0 is a 

small constant. Then we can choose ui,ri and V 2 ,n such that Wn < + V 2 ,n, ||ui,n||*,pi < C and 
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|k 2 .n|U.p. <CA# "=.S 0 , 

i:^L 




pN-2s+l 
■ 1 


-r-^dxdp 

3^iv) 


'^Pl 2* 2* 

1 f f 1^1,n| 1 \ f f 7 \ ^ 2pi 

/*! 2* fW —2s'^2* (-^”23)2^ 

/ 2s-Ar-i+rAr-25'in-^'i , ^ ^ ^ ^ ^ ^ ^ — 


N 


/>1 2* I'N' — 2>?'^2* (■^~2s),t,g 

<C I p2«-iV-l + (A-2^)(l-5j^)^^ ^ -^ 4pi ^ ^^2pi 

./ r 


and 


r ^ f 

/ „A-2s+l 

Jr P Jb^ 

<-f 


PV2,r 


I n^dxdp 

V(y) 1^1 


1 

pAr- 2 s+l 


'B"(y) | 2 ^l ^ 

2 * iV 

^2s-7V-l+(Ar-2s)(l-^)^^ ^ ^^ 2 ; 2p2 


2 P 2 




N 


JL — JL /*! 


£_ /* ^ 
7 

./ r 


1 -^ 

2 p 2 


‘-n 5 


where 6*1 > 0 is a small constant if we choose 0 > 0 small enough. 
Thus, we obtain that 


i:^L 


(3.3) 


< 


C p^- 2 «+l 

/' ‘ 


pN-2s-\-l 

N 


H / 

< Ckf^ +CA ®1 < Ckf^. 


PWn 
I dxdp 

,-(y) 

I T^dxdp+ f 

's^iy) FI Jr 


■L 


pN-2s+l 


■L 


PV2,r 


n^dxdp 
•j’iv) fI 


Let p 2 = 2* — 1 = S'lid let pi > 2* with 
V2,n such that \Wn\ < V 

AT/ 


pi < ^ Then we can choose v^ n and 

N N 

V 2 ,n such that \wn\ < vi^n-\-V 2 ,n and llui^nlU,^! < C and ||u 2 ,n|U,p 2 ^ CAn^ . Since Pi > 2*, we 
know that - ^<4^- Therefore, 

plip pli p -|- 2 s 

/ N-2S+1 [ ^Xn'dxdp < f i ( / ^ li^l.nP^da:) 

Jr P JB^(y) Jr P ^ J (y) ^ 


p 

/■I „ , Ar(Ar + 2s) , N{N+2s) 

<c p^""i”nTY^)dp < 

J r 


' _c JL- 


ind 


'dp 


I nXs +1 j ^ "dxdp < I 

Jr P JB^{y) Jr P 

2s-N ^ 

< CA„= / ^^dp<C. 

Jr r 
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Hence, we get 




Wn" ^dxdp 


(3.4) 


i:^L 

- ^ [ pN-2s+l [ dxdp + C' / M_2s+1 f 

Jr P JB^(v) Jr P JE 


vl‘ ^dxdp 


Bi'iy) 


< CA^ . 


From (13.41) . (13.21) and (13.31) . we have 


‘^‘^IwnPdxdt]’' <CKn^ 


B^ + \v) 

for any r G [CA„ ^ ,{C + 5)A„ = ]. 


□ 


Proof of Proposition \S.&\ . It follows from Lemma lHl^ that for any y G An 2 r G [CA„ ^, (C+ 
5)A„ ^], we get that if 7 G (1, i^^), 


(3.5) / 

JE 


B?+Hv) 


1 ^\wn\^dxdt < CA. 


Ny 

2pi 


/ '■ 

JB? + \y) 


-^’^dxdt < CA^”^ Kn = . 


Let Vn{z) = Wn[An z), z G (Dn; where (D„ — ^ ^ ^}' 

Then Vn satisfies 

div{A~'^‘^Vn) = 0, 
pv, 


in Vr, 


Awn(a;, 0 ) < ^ + a)vn, on H„, 

|x| 

where = {a; : A„ ^ x G H}. 

Let X = Any. Since B _ 1 (y), y G 2 does not contain any concentration point of we can 

A„ ^ 

deduce that 


\An"i\Vnf‘~^+a)\*dx<C 


Ib^{x) 


L 


Un\^"dx + CAn ^ 0 , 


B^_Av) 

A„ 2 


as n —> c». Thus by Lemma |A.5I and (13.51) . we obtain 


Ilp(B^(s)) ^ 


/ f \ i / N + 2~2s r \ i- 

( / \VnPdxdt] < C( An ^ / A~'^^\WnPdxdt] <CAn^, 

^Jb^+\x) > ^ JB^+Uy) ’ 


(y) 

A„ 


and 


( f A ^^Ivnl^dxdt)” <c( f A IvnAdxdt]’’ <CAn^, 




for any p > max{ 2 *, 2^ with p < min{ and 2^ = 

As a result, 


A) 


L 


B^ _ 1 (y) 

^A„5 


pN 

\wn\^dx < CAl^^ , 'iy G An 2 , 


and 


Ar + 2 - 2 s r 

An ^ / ti-2«|r<}nrdx*< CA^'S Vy G AO' 2 - 
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Hence, for any p > max{2*, 2®} with p < min{ }i there holds 


f \Wn\Pdx < " 


Np _ ^ 

2 pi 2 


and 




Np N + 2-2S 

*1-2sl- ip Jj./^ a ^ 


^\wn\^dxdtCA^ 


On the other hand, for any 2 < p < max{2*, 2®}, takep > max{2*, 2^*} andp < min{ , 


Then 


\/p- Vp-p ’ \/p- 


M", 


^\Pdx<c(^J Iwr^fdxYk. 


iL N f-y v\ N- 

"A \ 


and 


J ^^\wn\^dxdt < C^J ^^\wn\^dxdtYk 


£ Ar4-2 —2s/t p^ Afp ^^4-2-2s 


Hence, for any p> 2, 


and 


N N 

2pi 2p 


( J I'Wnl^dx'^ ” < Ckr, 

[ f-^^\Wr,\Pdxdt<Ck^~^''^^^~'^'\ 

Ja^+^ 


□ 


Letyl^3=(H'^ _i(x„)\H‘^^ _i {xn)) Hid {otV), d = N, N + 1. 


(C+3)A„"^ 

Proposition 3.5. We have 
(3.6) 


(C+2)A 


[ ^^\VUn{x,t)\^dxdt, [ 

In particular. 


p\i 


\X 


2s 


dx<C [ (|M„p'’+l)d 2 ;+C'A„ [ ^®|M„(a;,t)| 

Ja^+^ 


‘dxdt 


(3.7) 




^®|Vit„(a;, t)pda;c?t. 


p\i 


dx < Ckr, 




2s — 


Proof. Let (fn G C'cr(' 40^2 ^) be a function with = 1 in ^ 0 < < 1 and \V(j)n\ < Ck^ 

From 

f t^“^®V? 2 „V( 0 ^M„)dx(it - /" Y~^^dx < [ {2\Un\‘^^~^ + A)(j)l\un\dx, 

Jv Jo, fI Jn 

we can prove (Irel) . Since pi > 2*, we see 

21N N N N-2s 

2pi 2 ^ Pi 

Thus from (13.61) and Proposition 13.31 we have 


2 
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4. Proof of the Main Result 


Choose an £n € [C + 2, C + 3] such that 


(4.1) 

and 

(4.2) 


idB^ 


I Un I 






[k^\ 


+ lUnl^ + 




dS^ 


" |x| 2 « 


'^dx, 


1 (x„) 

lnA„, ^ 


A„4^ '^''{\Vun\‘^ + \un\'^)dSz < CAn^ / A„(|Vun^ + |u„|^)dxdt. 


N + 1 
3 


Applying Proposition 13.31 (|4.1I) . (14.21) and (13.71) . we get 


L 


as" _i(a;n) 

^nA„, 2 


(4.3) 


L 


as"+" 1 (a:„) 


(A-^Kp:-'* + KP + 

A-Hi-2*(|Vu„|2 + |u„|2)d5. 


2s —1 / iv jv IV J^j 

< CA~ (CA-iA„ ^ + CA^i = + CA-iA'i " 


P 
n 


2S-1-N I N 
' PI 


< CA„ 


since -1 + - f < -f + f • 


Proof of Theorem I J. M We have three different cases: (i) _i{xn) H (R^\n) ^ 0; (ii) 

_ _ 

_ 1 (a:„) C n and 0 ^ R _ i (xn); (iii)R^ _ i (x„) C 11 and 0 G R _i(xn)- 
CA„ 2 CA„ 2 2 ^„A„ 2 

Firstly, define S+J" = {z = {x,t) G : {x,t) G t > O} and dtP = {x G : (x,0) G 

SR'nR^ X {0}}. Let = B^ _i (x„) DU, B^+^ = R^+\ (x„) DR, and p„ = 2* - e„. Then 


^„A, 


^nA„ 


from Proposition 1C. 1[ we have the following local Pohozaev identity for u„ on 


N N -2s 


(- 


*dx 




i / |u„pdx + SII 

J E 


X ■ Xo|M„ 


BA F 


2s-l-2 


n ’ 
2 

-dx 


(4.4) 


fa +|u„p(x - Xo) • + — / |m„|^’”(x - Xo) • BajdS'a; 

^JdB^^ FrW PnJdB^ 


-/ ^®f(z - Zo, V'U„)V'U„ - (z - Zo) 

iaa.BA+' ^ 

du 


\WUr, 


ld+B^+ 

N-2s 


■) 




/ 

•/a+B^ 




T^dRz, 

OVz 


where zq = (a:o;0), z = (x,t) and Xq in (14.41) is chosen as follows. In case (i), we take xq G ]R'^\11 
_ 1 

with |xo — x„| < 2inAn ^ and • (x — Xq) < 0 in 911D B^. Then we see from the fact Bj, = (j/^,, 0) 
that 1^2 • (z — zq) = Bj, • (x — Xq) <0 and with this xq, we can check that xq • x > 0 in B^. In case 
(ii), we take a point xq = Xn Then Xq • x > 0 in B^. In case (hi), we take Xq = 0. Thus, in any 
case xo • X > 0 in B^. 
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In fact, in case (i) and case (ii), So, (14.41) is the usual local Pohozaev identity. 

Now we prove that (|4.4D holds as well in case (iii). 

To see this, since / \{—Un\^dx = / t^~'^’^\Vun\'^dxdt < C, we can choose 6j —>■ 0 as 
in Jv 

j —>■ +0O such that 

(4.5) /" /" \ un \^'^ dSa :+ 0 j [ (a+—|u„pdS'x-t 0. 

Ja+B^+\o) JdB^io) JdB^io)^ 


Let = B^+^\B^+\0). Then S and 

'N 7V-2s' 


(- 

^Pn 


■I 

Je 


Un\^^dx + sa / \Unfdx + SfJ, 


X ■ Xo\Un\ 


(4.6) 


^ JdB^„ ^ Fl ^ Pn JdB^„ 

n.Oj n,8j 

+ [ Vu„)Vm„ - 

/ *■ 


n,ej 

UnF’'X ■ VxdSx 


‘2s-\-‘2 


-dx 


I a+B, 
TV - 2s 




From (|4.5I) and Proposition IB.31 we have 
(4.7) 


iV+Vn^ Ol'z 


la+B^ + \0) 


< 


a+B"+To) 


t^-^^\VUn\'^dSzY ( [ t^-^^\Un\^dSz) 


< CQ^ h]+^ = o(l), 


and 

(4.8) 


(a+YYr^lunl'^x ■ i^xdSx + — f 
2 iaB"(o) FT ^ Pn ia 

+ t^“^®f(z, Vu„)Vm„ - 2 

Ja^Bi’+Uo) ^ 


■ ■ Vx.dSx 


aB^_ ( 0 ) 

|Vu „|2 


, uz IdSz 


= o 


(dj [ \Un\^"dSx + 9j [ {a+ -YY)\Un\'^dSx+0j [ '^^\VUn\'^dSz) = 

^ JaB^Ao) JaB^iQ)^ Ja+B^+\o) ^ 


So, letting j —)► +oo in (14.6F from (|4.7D and (|4.8D . we can get (14.41) . 

Since p„ < 2*, the first term in the left hand side of (14.41) is nonnegative and by the choice of 
xq, the third term in the left hand side of (14.41) is also nonnegative. Hence (14.41) can be rewritten 
as 

(4.9) 

\un\'^dx <-/ (a+-YY]\un\'^{x - Xo) ■ I^xdSx -\ -/ \Un\^"^ {x - Xo) ■ I^xdSx 

Jb^ ^JaBN^ FT® 7 PnJdB^ 


sa 


+ [ ^^((2 - 2 o, VUn)Vu„ - {z- ,t^z)dSz 

Ja+BS+^ ^ 2 / 

L 


0 + 
N-2s 


‘^“Un^Y^dSz- 

iV + 1 OVz 


0 ( 1 ). 
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Now we decompose dB^ into dB^ = diB^ U deB^, where diB^ = dB^ fl and deB^ = 
dB^ndn. Similarly, d+B^+^ = d,B^+^LIdeB^+\ where d^B^+^ = d+B^+^nV and deB^+^ = 
d+B^+^ n dV. 

Observing that u„ = 0 on d^B^ and = 0 on ^ we have 

{a+ --^')\Un\^{x-XQ)-V^dS^ + — f \Un\^"'{x - Xq) ■ v^dS^ 

\x\ ^ PnJdeB^ 

■L 


N-2s 


^’^Un^^dSz = 0. 


'9e-Bn 


dv. 


Also, noting that Vu„ = ±|Vm„|i ^2 on dgB^^^^ we find 

f - Zo, Vu„)Vu„ - (z-Zo) ^^!!"^ 


dS, 


[ ^ 


t --- [Z - ZQ,V^)dSz <0- 

ldeB" + ^ ^ 


Hence, we can rewrite (14.911 as 

(4.10) ^ ^ ^ 

sa \Un\'^dx <-/ (a+-—r^]\Un\'^{x-Xo)-I^xdSx-\ -/ {x - Xq) ■ VxdS^; 

JbS 2Ja._ByV \xY‘^J PnJdiB^ 


+ [ ^^((z - Zo, VMn)V'U„ - (z- Zo) ,l^z) 

/ ‘‘ 


dS. 


IdiB, 

N-2s 


i- 2 .n 


By (|4.3II . noting that \x — xo| < CAn ^ for a; G diB^, and |z — zo| < CAn ^ for a; G diB^^^, 
we obtain 
(4.11) 

RHS Ofdlini) <CA~^ [ (ul+\Un\P- +^l^)dSx+C ( t^-^^\Vun\\un\dS, 


+ CAJ [ t^-^^\VUn\^dS, 

J at B^+^ 


I aiB. 

^ 2S-1-N I N 

< CA~^An 


+— 1 + 
+ CAn 


2s-l-Ar I N 
9 "I" T,., 


2s —iV I N 

< CAn " . 


Recalling that in the proof of Lemma 12.61 we have the decomposition 

m h 

U„ = U0 + ^P0,An,i(l^i) + X! Pa:„,,-.A„.j (b(,) + =: Mo + Un.l + Mn, 2 , 

j=l j=m+l 

with ||m„_ 2 || —>■ 0 as n —?► +oo. By Proposition [B)3] and Lemma FB. 11 we can verify that if TV > 6 s, 


(4.12) 


/ \Uj\^dx<+oo, j = 1 , 2, • • • , Ti. 


On the other hand, let B^^ = B^^_i (xn), where L > 0 is so large that 
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(4.13) 


Since u„ = 0 in \il, we have 

/ |u„pdx= / \un\‘^dx> / \un\‘^dx 

d Jb^ _i(a:n) 

in^-n ^ 

\Unl\'^dx — C [ \uo\'^dx — C [ \Un 2 \‘^dx. 

. ’ Jb^^, Jbs,, 




Moreover, we have 


(4.14) \uo\'^dx ^ \uof‘dxy^ = o(l)A„2«^ 


and 

(4.15) 


[ \un,2\‘^dx < c( [ |M„,2 p“da:)A„^® = o(l)A„^®, 


since ||un, 2 || —>■ 0 as n —>■ oo. 

On the other hand, we may assume that px„ i,a„ i (C^i) is the bubble with slowest concentration 
rate. Then 

[ \un,i\^dx>^ [ \Px^,,,An,AUi)\^dx + o(y2 [ \Px^j,A„.A^j)\^dx). 

n,* Ti,* -J —Z Ti,* 

By direct calculations, we can obtain 

[ \Px„,,AnAUi)?dx = A-\^ [ \U^\^dx>C'. 

JBl, ' JB^iO) 


if p^—2s 


n,l ’ 


for some constant C > 0. Similarly, we have 

(4-16) [ \Px„„A.AU,)\^dx = A-^ [ 

Jb^, J(, 




\UAdx, 


where we use the notation Ex,a = {u '■ A + x & E} for any set E. 
If +c», then we obtain from (14.161) 

f \pXr.J,AnAUjAdx = 0(A-^). 

d B^ , 


If < C < + 00 , then 


(^9^*)a:„,3,A„,3 — {y '■ ^AjV + Xn,j G B^A 

= {v ■ - Xn,l \ < AA“ \ } C {y : \y + Anj{Xn,j - Xn,l)\ <0}. 

Since \Anj(xnj — ;Cn,i)| —t +00 as n —>• +oo, we find that {BA)x„,j,An,j moves to infinity. Hence 
it follows from (14.121) and (|4.16|) that 

f \Px„,A.AAAdx = o{AAA- 

JbS,. 

Therefore, we have proved that there exists a constant C" > 0, such that 

Adx > C'AAA 


(4.17) 


/ 

Hence, from (14.1311 to (|4.17|1 . we get 
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(4.18) 

Combing (14.111) and (14.181) . we obtain 


LHS of (lidUD > ^A-2*. 


(4.19) 


K < CL 


■2s-N , N 

2 ^ PI 


where pi > 2* is any constant, satisfying pi < Choose pi = with pi + 6 < 

where (5 > 0 is a small constant. Then from the assumption on p, we see 2s < ~ | 7 - 

So, we obtain a contradiction to (j4.19|) . □ 


Proof of Theorem \1.1[ This is a direct consequence of Theorem 11.21 See for example [TSlfTBl 

□ 


Appendix A. Some basic estimates on linear problems 

In this section, we deduce some elementary estimates for solutions of linear elliptic problem 
involving Hardy potential. These estimates are of independent interest. 

Lemma A.l. Let u € Uq)!!) be a solution of (11.11) . Then one has 


€LP{n), Vp< 


Vm - Vm - A*' 


Proof. Just by the same argument as that of Lemma 2.1 in na, we can prove our result. So we 
omit it here. □ 


Lemma A.2. Let w be a solution of 


{-AYw- 


w = 0, 


pw 


= a(x)v, in H, 


an. 


where a(x) > 0,u > 0 are functions and a,v € {fl\Bs{0)) for any S > 0 small. Then for any 

p > j^^ 2 s 0 < p < p satisfying p < , there is a constant C = C{p) such that 


— c 11 ^ 11 ^ I 


Ip- 


Proof. Let q = ^. Then q> \. 

First we assume p > 2*. In this case q> 1. Let (p = ww'^‘^ where wl = min{ui, L}. Then 
we have 

Vp = 2{q - l)w^C-^^VwL + 

Since g > 1, it is easy to see that V(p G U). Thus (p G ,7)). So, we have 

p 2 p 

(A.l) / t^~^^'Vw'V{ww'^'^~^^)dxdt = / - dx + / a{x)vww^'^~^^dx 

Jv Ja fI Jn 

Letting fj = wwff^, from Hardy-Sobolev inequality we find 

(A.2) f - dx<^ f \{-A)^{ww^^~^'>)\^dx = ^ f \{-A)^p\^dx. 

Jn FI h Jn LJn 
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Moreover, it follows from |Vu>l| < |Vrt;| that 
(A.3) 

in Jv Jv 


< 


Jv *- 


2 g^(2g — 2) ^ _2(q-l) 1 ^ -|2 I g^(2g— 2) _2(9-l)|^^- |2 




< 


2q- 


2q-l ^ 2q-l 

- [ + {2q-2)wl^'^~^^\VwLf]dxdt 

1 Jv 


|Vwl|" 


dxdt 


2q-l 


Jv 


^^)dxdt. 


From (IA.1F(|A.3F we get 
(A.4) 


- f \{—A)'^ri\'^dx< j a{x)vipdx. 


Noting that q < implies ^ > cq > 0, we obtain from (IA.4I) that there is a c > 0 

f a(x)vipdx > Co [ \{—A)^r]\^dx>c'( f \ri\^‘dx'\^‘‘ . 
in in '"in ^ 


such that 
(A.5) 

On the other hand, by Holder inequality we have 


a{x)vipdx < ( / |u|^da;) ^ ( / \a{x)ip\^^^dx 


(A. 6 ) 


< lk||p||a|| « N 

J o 

lk||p||a|| « ( / 

J o 


< 


2g-l 

^TF 


since ^ < 1 . 

Thus, 

(A.7) co(^ < ||u||p||a|| w . 

From (IA.2|) . (IA.4|) . (IA. 6 I) and (|A.7F we obtain 

(A. 8 ) [ <C{\\v\\p\\a\\^y'^. 

in F| 

Letting L —>■ oo in (IA.7I) and (IA. 8 F we obtain the result. 

Now we consider the case q G ( 5 ,1). In this case, may not be in iJQ(H). Hence we 

have to deal with it differently. 

By the comparison principle, we know that re > 0 in H. For any 0 > 0 being a small number, 
let fj = {w + where f > 0 is a function satisfying f = 0 on dil x [0,oo); ^ = 1 in 

Vg := D ,0 X [0,1) = {x : X € H, d{x, dVl) > 0®} x [0,1); 0 < .^ < 1 on H \ fig x [0,1); f = 0 in 
H X [ 1 , 00 ) and |V^| < Then fj G ,V) and 

V 77 = (w + + ( 2(7 - l){w + Vm). 
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Moreover, from the assumption on ^ satisfies ■C ^ 0; C = 0 on dil, ^ > 0 in and ^ = 1 in idg 
and |V^| < jF- So, we have 

(A.9) [ t^~'^^ywyfjdxdt= [ + [ a{x)v{'w + 9)'^’^~^^'^dx. 

Jv in \xr" in 

On the other hand, 

(A.IO) 

/ t^~'^^ViI)Vfjdxdt 

Jv 

= {2q-l) [ + 61)2(9-1)|V(i(; + 6»)pda;dt+ [ f-'^^{w + e)^‘i-^y{w + e)y^^dxdt 

Jv Jv 

= f t^-^^^^\V{w + e)i\'^dxdt+ f ti-2*(i(} + 6l)29-iv(u; + 0)V^2^2;d6 
q Jv Jv 

_2q-l f 2(2g-l) r 

Jv q Jv 


q Jv 

2g-l f 


[ f-‘^%w + ef‘^\V^\‘^dxdt+ [ ti-2*(w; + 6l)29-iv(w; + 6»)Ve 
Jv Jv 


dxdt. 


q Jv Jv 

From a,v €. C^^{n\Bs{0)) for any d > 0 small, it follows from [53] that w £ {^\Bs{0)) for 

any /3 G [s, 1 + 2 s) and 


w{x) < cd^{x,dn) < ce^,\Vw\ <cyx£ n\ng. 

As a consequence, (lA.lOl) becomes 

/ t^~‘^^Vijuyfidxdt 

Jv 

(A.ll) f t^-‘^^\V{^iw + 0)y\^dxdt + o( f t^-^%9^f'^-^dxdt) 

q Jv ^ J {n\Qg)x[o,i) ' 

= f l(-A)5(e(lC + 0))«pdxdt + O((0*)29-l). 

q in 

By (1X91) and (TOD) . we get 
2q- 1 


(A.12) 


But, 


q Jn 


[ |(-A)t(e(u; + 0))^|2dx + O((r)29-i)- [ ^ 
j n Jo. 


w{w + 0)29 1^2 

|^|2s 


■dx 


f a{x)v{w + 0)29 i^^da;. 

in 


(A^13) M f „ f < t f I(_i)f («„ + 

in m in \A Min 


From the assumptions on q and ji, (IA.12I) and (IA.13F we can deduce 

(A.14) C'(^J (e(u; + 0 )«)^“da;)^+O((0*)29 -i) < J a{x)v{w + 9f'^-^^‘^dx, 


and 

(A.15) 


f (w + 9r<^e 


da; + O((0")29-i) < [ a(x)u(u; +0)29-1^2^0;. 
in 
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Letting 0 —>■ 0 in (IA.14P and (IA.15p . we find 

dx^^‘ < j < ||a|| jv ||?;||p||w||p'^“^, 


and 


f dx < [ a(x)vw‘^'^ ^dx < 

Jq fP" Jn 


a N n „ w 


IQ F 

Therefore, the result follows. 

Lemma A.3. Let w be a solution of 


2 11 11;' 11 lip 


|2g-i 


□ 


{-AYw - = fix), inn, 


w = 0, 


on dn. 


f/^ 2 sp ^ ’ tfisre is a constant C = Cip) such that 


Suppose that f G in\Bs{0)) for any small ^ > 0. Then for any > _p > 1 and p with 

2 * \/p 


kiL Nj, < c\\f\\p. 

’ N — 2sp 


Proof. Similar to the proof of Lemma rA.2[ we can deduce if g > i with g < , then 

^ y/ fl—y/ fl — fl 


and 


C'\\w\\l^ < f fix)w^'^ ^dx, 
‘ Jq 

a f < f 

Jq -Jq 


For any > p > 1, see 2p - 2*{p - 1) > 0. Let g = 2 p- 2 ^(p-i', > Then 

Kp 


2p-2*(p-l) A-2sp ^^p-1 


f{x)w'^'^ ^dx 


< 


(A.16) 

So, 

As a result, 
and 


So the result follows. 

Lemma A.4. Let w > 0 be a solution of 


1 II , \ ^“p 

kc p-i dx] < 


|2g-i 


IH|2 ;,<C'||/||p, 

2q 


P I '-^dx<C\\f\&. 


□ 


(—A)®ry — ^ = a{x)v, in n. 


w = 0, 


on dn, 


where a{x) > 0 and v > 0 are functions satisfying a,v G C^‘^in\BsiO)) for any small 6 > 0. Then 
for any 2* > p 2 > there is a constant C = C(p 2 ) such that 


where r is determined by - = — + ^ ^ 

{} r r)n N 


w||*,p2 < C'l|a|PI|^^||2j, 

r P 2 ^ Y 2J ■ 
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Proof. Let q = Since P 2 C 2 ^ !)■ Let t = j^^ 2 s - Similar to the proof 

of Lemma IA.2[ we obtain 


(A.17) C'llwll^^ = Cllwlls.g < [ a{x)vw^ ^dx 

in 

and 


/ 


p\i 


n FI' 


C 


By the definition, choose 


So, 


Moreover, it is easy to check 


Therefore, the result follows. 


-dx < |F|| 2 ;||a||r- 


< Ikll2;||a||r( / Iwl'”'’'-* dx) , 


r — t 

(q-l)tr \ -pT 

\w\ dx] 


{q — l)tr _ 2 % 1 _ 

r-t ~ i-i 


k ||^2 ^ c:\\v\\ 2 l\\a\\r\\w\\l^ ^ 

1 _ 1 1 2 s 

P2~ r~^ 2* N' 


□ 


Lemma A. 5. Let w > 0 be a weak solution of 


{—AYw — |^|„ = a{x)w in R^, 

Fu'* 

where a{x) > 0. Suppose that there is a small constant ^ > 0 such that |a|^da; < S, then, for 

any p > max{ 2 J, 2 ®} and 0 < p < p, satisfying p < min{ there is a constant 

C = C{p) such that 

ll^llLJ>(ii-2*,S)'+hic)) ll^llLr(B^($)) < C"! 1^1 , 

^ 2 

where 7 < min{ 2 *, 2 **} and 2^ = 

Proof. Let 1 > i? > r > 0. Take ^ G Cq(B^~^^(x)), with ^ = 1 in BY~^^(x), 0 < ^ < 1, and 
|Vf| < Let q = ^,fj = We have 

/ w\7fjdxdt — / , wrjdx < / a(x)wndx. 

V+i iR« ~Jm^ 


Firstly, by Holder inequality, we have 

(A.18) 


n p ^3 p 

/ a{x)wndx <( |a(x)|^dx) ( / (fww'i~^Y‘dx) 

< C6 f Y~^^\y{^ww'jY^)\^dxdt. 


On the other hand, similar to the proof of Lemma IA.21 by Hardy-Sobolev inequality we can 


deduce that if q < ^ ^ —, then 


^’^VwVpdxdt — 


I 


R" Fr 


■wridx 


f '■ 

iR"+^ 

>C' [ Y-'^^\Vi^wwl~^)\^dxdt-C [ Y-'^^\Vf\‘^{wwl~^Ydxdt. 

iR^'+i iR'y+^ 


(A.19) 
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If 6 is small enough, it follows from (lA.lSp and (IA.19P that there exists C > 0 such that 

(A.20) f {^ww‘i~^)\^dxdt < C f t^~^^\V^\'^{wu)‘^^)‘^dxdt. 

Jr^+^ Jr^+^ 

Using the Sobolev inequality and Lemma IXTl we obtain from (IA.20p that 
( [ dx') +( [ ^l- 2 s(^^^|-l) < + '> 


N 

N + 1 


(A.21) 

which yields 
(A.22) 
and 
(A.23) 


< 


C f ^)\'^dxdt < C f ^®|V^p(r(;u>£ ^)'^dxdt, 


\w 


Br{x) 


B^+\x)\B^+\x) 




b;^+\x) 








\^‘‘dxdt^ 




where 2» = . 


N 


Let X = T ~ ^ 0 < r* < R* < 1, define = r* + ^{R* — r*),i = 0,1,2, 

Then - u+i = -^{R* - r*). Taking R=ri,r = ri+i,q = y* in (|A.23|) , we get 


By iteration, for any 0 < r* < i?* < 1, we can obtain from (IA.24I) 

C 

V dxdt] '' < - 

'B?+lix) 




{R* - r*)^^=i 


R dxdt 


B^+\x) 


iT 


* 2 oo ^ _1_ 

Note that } —^ < / —- = —= N. Hence, we have proved that for any p > 2l* satisfying 
i=i ^ j=i ^ X 

p < , there is a cr > 0 depending on p such that 


(A.26) 


LP(tl-2^B)^+h^)) - (R-r) 

Applying Young’s inequality, we have 

dxdt 


C 


^IIl 2 «pi- 2 « ^"+^(s))’ 0<r<i?<l. 


(A.27) 


C 

{R-rY \Jb^+\x) 
C 


iT 


< 


{R — tY 


( f Y ^‘^I'wYdxdt)'' ( [ Y ^‘‘{wl^dxdt] 

Vb^+1(x) > VB"+h$) ) 


1 , 


c 


\lv{B~-^‘‘,bYY\x)) 


{R-rY 

/7T 


\W\ 




B7(ti-2*,B"+hs))> 


where 0 <k< 1 , 7 < 2 ® and » > 2 ** with p < 4 

So, 

(A.28) 


/ 1 |, 

Lp(ti-2yBf+hx)) - + [R-rY 


c 




where 7 < 2** and 2^* < n < Y 4 ■ 
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By using iteration argument, we deduce from (IA.28I1 that for any p > 2^ 
ii-ii / c- 

where » > 2 ** satisfies p < and 7 < 2 t*. 

Similarly, by applying (|A.22I) and iteration argument, we can get that 

II^IIlp(B^(x)) ^ ^ll^llLT(ti-27Sf+h£))’ 

where p > 2* satisfies p < and 7 < 2*. This completes our proof. □ 

Appendix B. A Decay Estimate 


Let u be a solution of 


(B.l) 


(-A)"u - ^ = \uf‘-\ in 


,|2s 


u G 

In this section, we will estimate the decay of the solution of (IB.1(1 . We have the following result: 
Lemma B.l. Let u be a solution of (EH). Then there exists a constant (3 G (s, ^ 2 ^^ ) such that 


i{x)\ < 


C 


X 2 


-+/3 


, V|x| > 1. 


First, similar to Proposition B.l in |15| . we can prove 
Lemma B.2. Let u be a solution of (IB.111 . Then there exists a constant ft > 


N-2b 


such that 


i(a;)| < 


C 


.|Af+/3 


, V|x| > 1. 


Proof. Choose i?o > 0 large. For any R > r > Rq, take f G with ^ = 0 in 

^ in>N+l\ n ^ f ^ 1 IV7GI ^ C T 0 + ^ — f2,-l+2(i3-l) 

(5 > 0, 


0 < ^ < 1 and |V.f| < -^ 7 . Let fj = Since for any small 


/ 

Jr 


\iK-^)^dx = 


R^\Br^{0) 


I 

Jr 


R^\BRg (0) 


\u\'^‘’dx < S, 


if i?o > 0 large enough, we can prove in a similar way as in (IA.26|) that for any 2** < p < -^^-^2=, 
there is an i? > 0 large depending on p such that 

C 

(®-2) ll'“+llLP(ti-27R" + i\B"/h0)) — PIN-Sp + 

where (5p > 0 depending on p and 2^ = . 

Next we estimate 11 ^+ 11 ^ 2 #(RW+iy^w+i^Q)). Let f] = ^u, f = 0 in f = 1 in 

0 < ^ < 1 and |V^| < Then similar to the proof of (IA.21|) . by Holder 
inequality we have 


(B.3) 


if ^ f dxdt) 


Bfpff0)\B" + f0) 


< 


c 

N+i-‘is 


ji 2(N+i) ^Jb^+^(o)\b^+^{o) 


lAn^ / 
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As a result, 
(B.4) 


f dxdt 

Jr^+^\B^+^{0) 


< 


(-Y'f 

\R^J Jb^+^ 


B^ + \0}\B^ + \0) 


dxdt 


Jr^+\b^+\o) '^R ^ Jr'I'+i 


\</"(0) 




where A = 1 — So, 


/ 


r4<7'(o) 


UO) " l + C' JrN+ 1. - - 


--+ ASfl+Uo) 


(B.5) 
where 

/ C \ 2“ 

(B^6) C' = (^) ^ 

Let 4'(_R) = /RN+iys'^+ho) dxdt and r = Then from (IB.5I) 

^{2R) < T«'(i?), Vi? > i?o, 

which implies that 

d'(2*i?o) < r*^(i?o). 

For any |(x,t)| > Rq, there is an i such that 

TRo<\{x,t)\<T+^Ro. 

Hence 


Since 

we have 


4'(|(a;A)l) < 4'(2*i?o) < T*d'(i?o) < T^°8=l(^i)l-iog2(2flo)^(^p)_ 
^logaKx.i)! _ 2log2 K^.dl log2 "^ = Kcc, 


d'(|(a;,t)|) < C\{x,t)\ 


log2 r _ 


c 


|(a;,t)|i° 82 v 

So we have proved that there is a cr > 0 independent of p such that 

^(l(a^A)l) < |7)|^ ’ l(a;A)l>^o, 

where a = log 2 y. Fix p > 2** and p < . It follows from (IB.21) that 

c 

, |(a;,t)| = R> Ro¬ 
using the definition of r, we can choose i?o large enough such that — Sp > P > and then 

C 


(B.7) 

Similarly, 

(B.8) 

Thus, we obtain 


ll^+llLP(ii-2yR" + i\B^+ho)) — 


+ \-«2R '.'JU — i?A+/3 ' 


c 


|a;| = i? > Rq. 


1 «J + llLP(ii-2<.,R^+i\B"/h0)) ^ 


< -|a;| = i? > Rq. 


C 

ll'“llLP(ti-2p,R"+AB"/Vo)) — ^JV+P ’ \x\ = R> Ro- 
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Now for any {x,t) with |(a;,<)| = 4i? > 2i?o, 


C 

\u{x,t)\ < max \u{y,i)\ < 

By the fact that u{x) = u{x,Q), the result follows. □ 

Proof of Lemma \B.l[ For every a C (—-y — s, ^ — s), let i?a = \x\ 2 !■“. Then it follows from 

Lemma 3.1 in [53] that 

inR'^\{0}, 


where 


T„ =2 


N-\-2s-\-2oi. ^p^ N-\-2s — 2a. ^ 
( N — 2s—2a ^p^ A^—25+2a ^ 


2s + N I - 

— - -hQ! ^ 


So by the assumption 0 < /x < Ts and is even 
for |a;| > 1, 

{-Ayds - At|a;r^'’i?a = (Tg - y)\x\~^ 

On the other hand, from Lemma [3.21 

(—A)®u+ — /r|a;|“^®w+ < ^ =-, 

Letting /? = —a, by comparison, we have 


—4 —\—r 

on a, we can find a € (— ^ 2 ^^ ’ ~'®) s'^ch that 


C 


|3,|(N+/3)(2;-1) 


> 1 . 


, ^ C* 

w+W < , ,«-2. fI 


F 2 


i+/3^ 


> 1 . 


where /? G (s, Similarly, 


(-u)+(a;) < 


C 


F 2 


i+/3' 


\x\ > 1. 


□ 


Proposition B.3. Let u be a solution of (IB.111 . Then, we have 

\u{x)\ < V|a;| < 1, 

\x\ 2 P 

where /3 is given in Lemma lB.il 

Proof. Applying the Kelvin transformation v{x) = , we know that v satisfies 

{-AYv-= \vf‘-^v, V|a;|>l, 

where 0 < y < p,. By Lemma lB.il we have 

k(a:^)| < V|a;|>l. 

|X| 2 

As a result, 

\u{x)\ < V|a;|<l. 

\x\ 2 P 

Thus, the result follows. 


□ 
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Appendix C. A local Pohozaev identity 

In this section, we give a local Pohozaev identity. For T C we recall that dj^T = {2 = 

{x, t) G : {x, t) € dT andt > O} and dbT = dT fl (K.^ x {0}). We have the following result. 

Proposition C.l. Let E c and we assume that u is a solution of 


(C.l) 


div{t^ = 0 

u 

T2s 


in E, 


As{u) = I u+ \u\^ "^u + au, on dbE. 


Then for E <Z E, there holds 

'N N-2s 


X ■ xo\uy 

‘2s-\-2 


/A_iV^^2s\ r f \u\^dx + sfj. [ 

^ P 2 / Jq^jt 

\ (a+- Xo) ■ J^xdSx + - \u\P{x - Xo)tyxdSx 

\W ^ PJdd,F 

+ J - Zo, Wu)Vu - {z- Zo) dSz 


'd+T 

N -2s 


La 


^l-2s-^dS^. 


dv. 


Proof. Note that 

div{l}~‘^^Vu){z — Zo, Vu) 

= div[A~‘^^'Vu{z — Zo, Vu)] — Vu, V{z — Zo, Vu)) 


= div[A-^^Vu{z - zo, Vm)] - [(z - zo, V(J-^)) + |V 


up 


= div 


A ^®Vu(z — Zo,Vu) — ^®(z—Zo) 


|V 


jVu 

-'2. N-2s, 




Then 




(z - Zo) 1 + 


= 0 . 


So we find 


(C.2) 


^®^(z-zo,Vu)Vu-(z-zo)^^^,^^) 


dS, 


f {x — Xo, Vxu)ABudx — ^ ^^\yu\^dxdt. 

JdhF 2 Jjr 


By using the fact that AsU = jpjWu + |up + auondbE and performing integration by parts, 


one has 


IdbT 


/ ^ -\ A - 1 —^ 

[x - Xo, VxUjAsudx = ---p 


u 


(C.3) 




u 


dbF m 
2 


:dx — sp 


X ■ a;o|u| 


IdbT 


tr 


2s+2 


■dx 


ddbJ^ 


|2s 


{x - Xo) ■ VxdSx 


[ \u\Pdx+-[ \u\P{x - Xo) ■ VxdSx 

JdbT P Jddbr 


N 
P JdbT ' 
Na 


lurda; - 


dbT 


I ddb^ 


|up(a: - Xo) • VxdSx 
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where we use the fact that 


f , ^ , w , -N + 2s f , r 

/ (x-Xo,yxU)-r-^dx = --- / -n^dx-s 

Jd,F 2 \x\^^ Jg^jr 


r X-Xo\u\'^ 
ax — s , „ ax 


|2s+2 


ddbJ^ F 


2s 


{x - Xo) ■ VxdSx, 


and 


[ (x — Xo, Va:U)|u|^ ^udx = - [ |u|^dx H- [ \u\'‘’{x — Xq) ■ I^xdSx- 

JdbF P JdbT P JddbT 


'dbr 

On the other hand, 


(C.4) [ ^®|VMpdxdt= [ (- 

Jr Jdbr^\x. 

Thus, from (IC.2I) to (1C.41) . the desired result follows. 


-^v? + \u\^ + av?\dx + f ^’^u^J-dSz- 


□ 


Appendix D. Decomposition of approximating solutions 

In this section, we give a result describing the composition of approximating solutions bounded 
in i?o(^) obtained as a solution of (II.6p with e = e„. 

Proposition D.l. Suppose that N > 6s. Let Un be a solution of (11.611 with e = e„ —?► 0, satisfying 
llwnll < C for some constant C. Then 
(i) Un can be decomposed as 

m h 

(D.l) Uji = Uq -h P0,An,j {^j ) ^ ^ 

j^l j^m+1 

where > 0 in iL®(r2), uq is a solution for (ll.l|l . For j = 1, 2, • • •, m, A„ ^ > oo as n —>■ oo, and 

Uj is a solution of 

(D.2) (_Ar^-p^ = 6,H2:-v ugd^{r^), 

for some bj € (0,1]. For j = m + l,m + 2,---,h, Xnj € 12, Anjd{xn,j,dft) —>■ oo, Anj\xn,j | —>■ oo as 
n —>• oo, and Uj is a solution of 

(D.3) {-AYu = bj\uf^-^u, ueDYR^), 


for some bj G (0, Ij. 

(ii) Set Xn,i = 0 for z = 1, 2, • • • , m. For i,j = 1, 2, • • •, ft,, if z j, then as n —?► oo. 


(D.4) 


A, 


n;J 


A, 


An 


A, 


+ A -A lx ■ 


J I 


OO. 


Proof. The proof is similar to [51[T21[IS1[IH] and we omit the details. 


□ 
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